Summer Bridge Course: Analysis

: A C R is bounded above if JU € R
such that a < U,Va € A.
U is called the upper bound of A.

: A C R is bounded below if 4L € R
such that L < a,Va € A.
L is called the lower bound of A.

: A is bounded if A is bounded both above
and below (L < a < U,Va € A)
: ECR, E#0. a=sup(F) if

1. x<a,VxekFE

2. If v € Rand v < a, then 7 is not an upperbound
of F.

: ECR, E#0. p=inf(E) if
1. p<z,Vr e FE

2. If vy € R and v > 3, then « is not a lower bound
of E.

Completeness Property:

1. EC R, E # (), and E is bounded above, then
there exists o € R such that o = sup(F).
(Note: a may or may not be in E.)

2. ECR,E # (), and F is bounded below, then
there exists 8 € R such that 8 = inf(FE).
(Note: 8 may or may not be in E.)

Archimedian Property: If z;y € R and =z > 0,
then 3n € N such that nz > y.

Density of Q: If z,y € R and = < y, then there
always exists an r € Q such that x < r < y.

Infimum/Supremum N\

Dr. Kahn

Sequences in R

: {x,,} converges to x € R if
Ve > 0,3ng(e) such that |s,, — z| < ¢,Vn > ny.
Proof Outline: To show {z,} converges to x:

1. Do scratch work to find |z, — z| <
(term involving n) < e.

2. Choose ng based off your scratch work.
3. Write out proof and include scratch work.

: {x,} diverges to oo if
VM > 0,3ng(M) such that z, > M,Vn > ng.
Triangle Inequality:
o [z 4yl <z +y|
o [lz] =yl < |z —yl

Theorem: If {z,} is a convergent sequence, then
{z,} is bounded.
Theorem: Let a,, — a and b,, — b.

e a,+b, —>ath

e a,b, — ab

bn

Qn

—>§aslongasan7é0,a7é0,Vn€N
e a,+c—a+c, ceR
® ca, —ca,ceR

Theorem:
anb, — 0.
Squeeze Lemma: Let a,, by, ¢, be sequences of real
numbers such that a,, < b, < c,,Vn >ng. If a,, > L
and ¢, — L, then b, — L.

If a, — 0 and b, is bounded, then

Sequences in R continued:

: A sequence {z,} is mono-
tone increasing if x, 11 > x,,Vn € N.
(Strictly if xp11 > 2p).

: A sequence {z,} is mono-
tone decreasing if z,4+1 < x,,Vn € N.
(Strictly if @41 < xp).
Theorem: If {z,} is monotone and bounded, then
Ty — T

: {I,} is a sequence of

closed and bounded intervals I,, = [an,bs],—00 <
ap < by < oosuchthat C---CI,C I, 1 C---CI.
So, Iny1 C I,,Yn € N. So, (o, I, # 0.

: Given a sequence {z,}, consider the
sequence {ny} of positive integers such that n; <
ny < mnz < ---. Then {z,, } is a subsequence of {z,,}.
Theorem: If {z,} C R such that x,, — x, then every
subsequence also converges to x.
Bolzano-Weierstrass: Every bounded sequence has
a convergent subsequence.

: A sequence {x,} is Cauchy if Ve > 0, Ing(e)
such that |z, — z,,| < €,Vn,m > ng.
(Note: Convergence = Cauchy)
Completeness of R: {z,} C R is Cauchy implies
T, > x €R
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Important Known Sequences:

Special Need to Know Sequences:

#zO(p>O)
o lim, o0 /=1 (p>0)
o lim, ., ¥n=1

TZZO(p>1,aER)

hd hmn—)oo

limy, 00

o lim, ,p" =0 (Jp| < 1)

lim, o0 27 = 0, Vp € R




Limit Supremum and Limit Infimum:

: lim,, 00, = infy sup{z, : n >k}
= infk bk = hmk_mo bk
2 lim, , o, =sup inf{z, :n >k}
= Supy, ar = limg_, 00 ak
Theorem: Let {z,,} C R (similar theorem holds true

for lim inf)

=g eRiff

1. imy,—eon
(a) (a) Ve > 0,3np € N such that z, <
B+€V¥n>mng
(b) (b) Given n € N,3k € N with k£ > n such
that x > 5 —e.

2. limy, ooy, = 400 iff given M > 0 and n €
N, dk € N such that x,, > M,Vk > n.

3. lim,, o2, = —c0 iff x, - —c0 as n — .

Fact: z,, — z iff limz,, = limz,,
How to: If E = {subsequential limits of z,,}, then

e limz, = sup(E)

= inf(FE)

e limx,

\

Topology on R:

: ECR, p€ FE is an interior point if
Je > 0 such that (p —e,p+¢€) = Nc(p) CFE
: ECR, peRis alimit point of F if
Ve > 0,3q € E such that ¢ # p and ¢ € N.(p) N E.
: Int(E)={all interior points of E}
E'={set of all limit points of E}
:E=EUE'
: O C R is open if Int(0)=0.
: F C R is closed if F¢ is open.
Theorem: For open sets...

1. For any collection {O4}aca, Oa € R open =
Uaca Oa open.

2. 01, -+ ,0, open = (,_; Oy open.

Theorem: For closed sets...

1. For {Fa}taca,Fa € R closed, Vo € A —
MNaca Fao closed.

2. For {Fo}aca, Fo C R closed, Va € A —
Ur_, Fr closed.
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Topology on R continued:

Theorem: F C R is closed <= F contains all its
limit points.

Theorem: If £ C R, then
1. E is closed.
2. E = FE iff E is closed.
3. E C F for every F' C R closed such that E C F.

: E CR. {Os}aca is an open cover

(ie. On CRopen) and E C |J, g Oa

: K C R is compact if every open cover
has a finite subcover. (Jay,---,a, € A such that
K C Oy U---UO,, =Uj_; Oay).
Theorem: Every compact subset of R is closed an
bounded.
Heine-Borel Theorem:
(—o0 < a,b < o0)
Heine-Borel-Bolzano-Weierstrass: K C R, then
TFAE:

[a,b] € R is compact.

a) K is closed and bounded.
b) K is compact.
c¢) Every infinite set in K has a limit point in K.

Corollary: Let K C R, K # (. K is compact
— every bounded sequence has a convergent subse-
quence.

Cauchy-Schwartz: (aq,---

5 lowlIbel < (5 Jaxl2) 2 (5 [0el2) .
Minkowski: (a1, - ,an), (b1, -+ ,b,) € R™.
(3 Jar +be[*)2 < (Clawl*)? + (3 [bu]*)2
Holdei: % = =1.

n 1 n 1
> k=1 lak|bk] § (Zk:l lag[P) P (D= [bxk]?)

)1 (bl, s )GR”

Series of Real Numbers:

Theorem: If S, = >}_, x; converges, then the
series > po, o converges and S = Y 77 | xy.

Y pe Tk converges <
Ve > 0,3ng(€) such that [Sy, — Sp| = | D05, 1 2k <
€,Yn, m > ng.
Theorem of Convergence: If Ziil T, converges,
then lim,, ., x,, = 0.
Theorem of Divergence: If lim, o |2, | # 0, then
> pey @ diverges.

Convergence Tests for Series

Comparison Tests:

1. If |z,| < cn,Vn > ng, where nyg is fixed, then
Zzozlck <00 = Z;ilxk < o0.

2. If ai > O,bk > 0 and ap > bk,Vk > no
(ng fixed), then Y ;2 by = +o0 —
Y opey ag = +oc.

Limit Comparison Tests: Suppose ar > 0 and

br, > 0. Then,
1. If limp oo Z’—]’: =L,0 <L <oo,then Y 7 a; <
00 = > o b < oo
2. If limp oo g = 0 and Sope by < oo, then
213021 ap < 0.

Integral Test: Let {ax} be a decreasing sequence
of nonnegative real numbers (a; > ag > -+ > a, >

- >0). Let f(z) : [1,00) — R and f(z) > 0 such
that f is monotone decreasing and f(k) = ay, vk € N.
Then Y ;2 ar < oo iff [ f(z)dz < co.

Root Test: Given Zk:l ag, let a = lim,_, e ’\L/m.
1. If @ < 1, then Y ;7 | ai converges.
2. If a > 1, then Y - | aj diverges.
3. If a =1, then the test is inconclusive.

Ratio Test: The series Y ;- | ax

1. converges if o = lim,, oo <L
2. diverges if % > 1,Vn > ng for some ng € N.
Alternating Series Test: If {b,} C R such that
Lbp>2by>--2by 2bpi1 >0

2. limy, 500 b, =0

then > (—

if 3" lag| < 0.
Theorem: If ) ajp converges absolutely,
converges.

1)**1b, converges.
: > ay converges absolutely

> ak




Important Known Series:

Geometric | p-Series nlog(n)

o0 13 0 T o0 1
Zk::1 z Zn:1 np Zn:2 n(log(n))P

converges | 0 <z <1 p>1 p>1

xr>1

diverges p<1 p<1

\

Continuous Functions:

: Given L € R, lim,_,, f(x) = L if
Ve > 0,36(f,€e,a) > 0 such that |f(z) — L| < € whe-
never 0 < |z —al < 4.
Theorem: Let f be a real-valued function defined in
some neighborhood a € R (including a). Then,

1. f is continuous at a.
(Ve > 0,30 > 0 s.t.
|z —al <9).

[f(x) = fla)] < eif

2. f(zn) = f(a) = L whenever x,, — a.
Proof Outline: To show lim,_,, f(z) = f(a):

1. Do scratch work to find appropriate § by finding
|f(z) — f(a)| < (term involving |z — a|) < e.

2. Note that sometimes you need to chose § to be
a minimum of two things to make the inequality
true. Be careful!

3. Write out proof and include scratch work.

: lim,_, .+ f(x) = LT is the right limit
if Ve > 0,36(f,a,€e) > 0 such that |f(z) — LT| < e if
a<z<a+d.

: lim, ., f(x) = L™ is the left limit if
Ve > 0,30(f,a,€) > 0 such that |f(x) — L7| < e if
a—d<zx<a.
: f is continuous at a if
F(at) = lim, qs f(z) = lim, ., f(z) = f(a”)
Facts: If f, g are continuous functions at a, then

e f+ g is continuous at a.
e fg is continuous at a.
. % is continuous at a (g(z) # 0)

Composition Continuity: f: A >R, g: B - R,
and Range(f) € B. If f is continuous at a and g
is continuous at f(a), then g o f(z) = g(f(x)) is
continuous at a.

Continuous Functions Continued:

\.

: f:ACR— R, fis uni-
formly continuous on A if Ve > 0,35(f, A, €) > 0 such
that |f(z) — f(y)| < € whenever |z —y| < 0.

(Note: § does NOT depend on a)

: f: A — R is Lipschitz
continuous if IM > 0 such that |f(x) — f(y)| <
M|z — y|,Va,y € A.

Fact: Lipschitz = uniform = continuous
Theorem: If f: K — R, K C R compact, and f
continuous on K, then f is uniformly continuous.

: f is monotone increasing if
f(@) < fy), Vo <y. (Strictly if f(z) < f(y))

: f is monotone decreasing
if f(z) = f(y), Vo <y. (Strictly if f(z) < f(y))
Theorem: If f : I — R monotone increasing on
I, then f(p") and f(p~) exists for all p € I and

sup, <, f () = f(p7) < fp) < f(pT) = infosy f(2).

J

Sequences and Series of Functions:

Let 2o be fixed in E. Then
{fn(z0)} CR. Let f(xg) = ngy. Let {fn(zo)} be a
sequence of functions such that f : £ — R, then we
say f, converges pointwise on F to f if
Ve > 0,3ng(e,x0) s.t. | fn(zo) — f(zo)| < €,Vn > ng.
So, limy, 00 fn(z0) = f(20), 20 € E.
Note: Interchangeability of limits, differentiation,
and integration is not necessarily true when you
just have pointwise continuity. You need something
stronger. (Uniform continuity).

a sequence f, : E — R converges uniformly on E to
fif Ve >0,3ng(e) s.t. |fn(z) — f(x)] <k,

Vn > ng,Vx € E.

(Note: ng is independent of = € F)

a series Y7 fu(z); fn E — R uniformly
converges in F iff the sequence of partial sums
(Sk(z) = ZZ:O fn(x)) are uniformly converging to
S(z).

a sequence of functions
{fn(®)}; fuE — R is uniformly Cauchy if Ve <
0,3no(e) s.t |fr(x) — f(2)] < €,Yn,m > ng,Vx € E.

Sequences and Series of Functions Continued:

Sup Norm:

® [ flloe = [If lunitorm = [[fllsup = SuPzex |f(2)]-
o F =K compact = || fl|lecc = maxgex |f(2)].

a sequence of functi-
ons {fn}t; fn : E — R converges in the sup norm
on E if Ve > 0,3ng(e) such that ||fn — fimlleo =

SUPgep | fn(x) — f(z)] < €,¥Yn > ng.
Theorem: For a sequence of functions,

Uniform Convergence
<= Uniformly Cauchy
<= Sup Norm Convergence

Theorem: f,: E — R and f, € C(E).

If f,, converges uniformly to f on E, then f € C(E).
Proof Hint: To prove this theorem, break it up into
three parts (uniformly continuous, continuous, uni-
formly continuous) and use the £ trick!

Corollary: If {f,} C (C(E),|| - ||ls) is Cauchy, then
fn converges uniformly to fon £ = f € C(FE) =
(C(E), |l - llso) is complete.




